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SZEGO KERNEL ASYMPTOTICS AND KODAIRA EMBEDDING THEOREMS OF 

LEVI-FLAT CR MANIFOLDS 

CHIN-YU HSIAO AND GEORGE MARINESCU 


Abstract. Let X be an orientable compact Levi-flat CR manifold and let L be a positive CR 
complex line bundle over X. We prove that certain microlocal conjugations of the associated 
Szego kernel admits an asymptotic expansion with respect to high powers of L. As an appli¬ 
cation, we give a Szego kernel proof of the Kodaira type embedding theorem on Levi-flat CR 
manifolds due to Ohsawa and Sibony. 
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1. Introduction and statement of the main results 

The problem of global embedding CR manifolds is prominent in areas such as complex 
analysis, partial differential equations and differential geometry. A general result is the CR 
embedding of strictly pseudoconvex compact CR manifolds of dimension greater than five, 
due to Boutet de Monvel ^ . 

For CR manifolds which are not strictly pseudoconvex, the idea of embedding CR manifolds 
by means of CR sections of tensor powers of a positive CR line bundle L ^ X was 
considered in [|T2l [T^ [1411201 [25ll . This was of course inspired by Kodaira’s embedding 
theorem. 

One way to attack this problem is to produce CR sections by projecting appropriate smooth 
sections to the space of CR sections. So it is crucial to understand the large k behaviour of the 
Szego projection 11^, i. e. the orthogonal projection on space H^{X, L^) of CR sections, and of 
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its distributional kernel, the Szego kernel. To study the Szego projection it is convenient to 
link it to a parametrix of the (9b-Laplacian on (0, l)-forms (called Kohn Laplacian). This is also 
the method used in ^ , where the parametrix turns out to be a pseudodifferential operator 
of order 1/2. 

In [I14II . we established analogues of the holomorphic Morse inequalities of Demailly [l5l 
[T^ for CR manifolds and we deduced that the space H^{X, L^) is large under the assump¬ 
tion that the curvature of the line bundle is adapted to the Levi form. In [|T^ . the first author 
introduced a microlocal cut-off function technique and could remove the assumptions link¬ 
ing the curvatures of the line bundle and the Levi form under rigidity conditions on X and 
the line bundle. Moreover, in ffTSH . the first author established partial Szego kernel asymp¬ 
totic expansions and Kodaira embedding theorems on CR manifolds with transversal CR 
actions. 

All these developments need the assumptions that either the curvature of the line bundle 
is adapted to the Levi form or rigidity conditions on X and the line bundle. The difficulty 
of this kind of problem comes from the presence of positive eigenvalues of the curvature of 
the line bundle and negative eigenvalues of the Levi form of X. Thus, it is very interesting to 
consider Levi-flat CR manifolds. In this case, the eigenvalues of the Levi form are zero and 
we will show that it is possible to remove the assumptions linking the curvatures of the line 
bundle and the Levi form or the rigidity conditions on X and the line bundle. 

Actually, Ohsawa and Sibony [l25ll . cf. also [l24ll . constructed a CR projective embedding of 
class for any k G N of a Levi-flat CR manifold by using cl-estimates. A natural question 
is whether we can improve the regularity to k = oo. Adachi O]] showed that the answer 
is no, in general. The analytic difficulty of this problem comes from the fact that the Kohn 
Laplacian is not hypoelliptic on Levi flat manifolds. Hypoellipticity and subelliptic estimates 
are used on CR manifolds with non-degenerate Levi form in order to find parametrices of the 
Kohn Laplacian and establish the Hodge decomposition, e. g. [1^ [4[ [TSl fT^ . Moreover, the 
Szego projection 11^ is not a Fourier integral operator in our case. 

In this paper, we establish a semiclassical Hodge decomposition for the the Kohn Lapla¬ 
cian acting on powers as k ^ oo and we show that the composition Ilfc o Ak of Ilfc with an 
appropriate pseudodifferential operator Ak is a semiclassical Fourier integral operator, admit¬ 
ting an asymptotic expansion in k (see Theorem II.3D . From this result, we can understand 
the large k behaviour of the Szego projection and produce many global CR functions. As an 
application, we give a Szego kernel proof of Ohsawa and Sibony’s Kodaira type embedding 
theorem on Levi-flat CR manifolds. 

We now formulate the main results. Let {X,T^’^X) be an orientable compact Levi-flat CR 
manifold of dimension 2?7, — 1, n ^ 2. We fix a Hermitian metric (■ | ■ ) on CTX such that T^'^X 
is orthogonal to T^’^X. The Hermitian metric (■ | •) on CTX induces a Hermitian metric (• | ■) 
on the bundle of (0, q) forms of X. We denote by dvx the volume form on X induced 

by (• I ■). Let (L, h) be a CR complex line bundle over X, where the Hermitian fiber metric on 
L is denoted by h. We will denote by the curvature of L (see Definition 12.6D . We say that 
L is positive if is positive definite at every x e X. Let Ai(a:),..., A„_i(a:) be the eigenvalues 
of R^ with respect to (■ | ■), and set 

(1.1) det/2^ := Ai(x)... A„_i(a;). 

For/c > 0, let be the /c-th tensor power of the line bundle {L,h). Foru,v e T*°’‘^X<g)L^ 

we denote by {u\v)hk the induced pointwise scalar product induced by (■ | ■) and h^. We then 
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get natural a global inner product (■ | ■ )fc on L^), 

{a\(3)k:= / {a\(3)^^dvx. 

Jx 

Similarly, we have an inner product (• | ■) on We denote by , L^) and 

L‘foq)(X) the completions of L^) and with respect to (• | ■ )fc and (• | ■ )> respec¬ 
tively. For g = 0, we write L‘^{X) := L^g o)("^)’ L^) := L^g o)("^’ 

Let db,k ■ ‘^°°{X, L^) —)■ r2°’^(X, L^) be the tangential Cauchy-Riemann operator cf. (12.15ft . 
We extend dh,k to L‘^{X, L^) by 

\k : ^om\k C L\X, L’^) ^ L^g L'^), u ^ \kU , 

with Dom^b^fc := {u G L'^{X, L^); db,kU G L^g ^^(X, where db,kU is defined in the sense of 

distributions. The Szego projection 

(1.2) Ilk:L\X,L^)^KeTdb,k 

is the orthogonal projection with respect to (■ | • )fc. 

The Szego projection life is not a smoothing operator. Nevertheless, our first result shows 
that it enjoys the following regularity property. 

Theorem 1.1. Let X be an orientable compact Levi-flat CR manifold and let (L, h) be a positive 
CR line bundle on X. Then for every £ G No there exists X^ > 0 such that for every k > N^, 
nfc(<^°°(X, L^)) c ^^(X, L^) and L^) ^\X, L^) is continuous. 

Let us recall now that the Szego kernel n(x, y) of the boundary of a strictly pseudoconvex 
domain is a Fourier integral operator with complex phase, by a result of Boutet de Monvel- 
Sjbstrand [|3l] (here we consider the projection on the space of CR functions or CR sections 
of a fixed CR line bundle). In particular, n(x, y) is smooth outside the diagonal oi x = y and 
there is a precise description of the singularity on the diagonal x = y, where n(x, x) has a 
certain asymptotic expansion. 

For a Levi-flat CR manifold we do not have such a neat characterization of the singularities 
of the Szego kernel Ilk{x,y) for fixed k. The smoothing properties of are linked to the 
singularities of its kernel Ilk{x,y) and to its large k behaviour. Although it is quite difficult 
to describe them directly, we will show that 11^ still admits an asymptotic expansion in weak 
sense. 

Let s be a local trivializing section of L on an open set X c X. We define the weight of 
the metric with respect to s to be the function f G satisfying |s|^ = We have an 

isometry 

( 1 . 3 ) Uk,s ■ L\D) -> L\D, L^), 

with inverse Lff] : L‘^{D, L^) —)■ L‘^{D), a The localization of 11^ with respect to 

the trivializing section s is given by 

( 1 - 4 ) Hfc,, : ^ L\D), = UfllikUk,s. 

where Ll^^p{D) is the subspace of elements of L‘^{D) with compact support in D. The second 
main result of this work shows that for k ^ oo,Ilk is rapidly decreasing outside the diagonal, 
and describes the singularities of 11^ in terms of an oscillatory integral. 
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Theorem 1.2. Let X be an orientable compact Levi-flat CR manifold of dimension 2n — l,n>2. 
Assume that there is a positive CR line bundle L over X. Then for every I e there is > 0 
such that for every k > N^we have: 

(i) xUkX = 0{k-^) : L^) L% Vx, X e ^“(X) with Supp x n Supp x = 0 ; 

(ii) Ilks — Sk = 0{k~°°) : —)> where Sk ; —)■ is a continuous 

operator and the kernel of Sk is equivalent to the oscillatory integral 


(1.5) 

Sk{x,y) = j f^^^^'y'^h{x,y,uA)du mod 

where 

00 

s(x, y, u, k) ~ 1 /, u)k"'~^ in Slp^. {1; D x D x R) 

j=0 

s(x, y, M, k), Sj{x, y, u) E x D xR), j = 0,1, 2, 

( 1 . 6 ) 


So(x, X, m) = -7r“” |det , \/x E D, \/uER, 


and the phase function ^ e x D xR) satisfies lm'0(x, y,u) >0 and 


dx'f\ix,x,u) = -2Im (9b0(a;) +uuo{x), x e D, u eR, 

C?yV'l(a;,a;,n) = 2lmdb4>{x) - UUo{x), X ^ D, U ER, 
dip 

— (x, y,u) = 0 and ip(x, y,u) = 0 if and only if x = y, 
ou 

and 


(1.8) \dyip{x,y,u)\ > c\u\, Vm G M, \/{x,y) E D x D, 

where c > 0 is a constant. Here ooq E ^°°(X, T*X) is the positive 1-form of unit length orthogo¬ 
nal to T*^’°X © T*°’^X, see Definition^ 


Note that integrating by parts with respect to y several times in (I1.5D and using (I1.8D . we 
conclude that Sk is well-defined as a continuous operator Sk : —)■ 

Using Theorem 11.21 we will show that by composing Uk^s with certain semiclassical pseu¬ 
dodifferential operators we obtain kernels having an asymptotic expansion in k. The freedom 
to choose these operators will be crucial for proving Theorem II.41 

Let Ak be be a properly supported semi-classical pseudodifferential operator on D of order 
0 and classical symbol (see Definition I2.3D with symbol 


a{x,r],k) ^aj{x,r]) in S'i° Jl,T*D), 

(1.9) U 

a{x, T], k) = 0 , afx, 77 ) = 0 , j = 0 , 1 , 2 ,..., for |? 7 | > \M, for some M > 0 . 
The third main result of this work is the following. 


Theorem 1.3. Let X be an orientable compact Levi-flat CR manifold of dimension 2n — l,n>2. 
Assume that there is a positive CR line bundle L over X. Then for every I e No, there is Ne > 0 
such that for every k > Ne, (nfc,sA)(- , •) e X D) and 

(1.10) {Ilk,sAk){x,y) = [ mod in x D), 


4 












Chin-Yu Hsiao & George Marinescu Szego kernel asymptotics and Kodaira embedding theorems 


where 

OO 

a{x, y, u, k) ~ aj{x, y, u)k^~^ in {1] D x D x (—M, M)), 
j=o 

a{x,y,u,k),aj{x,y,u) X D X j =0,1,2,..., 

ao{x,x,u) = -7i~^\det R^\ao(^x,uuo{x) — 2lmdhcj){x)'j, x & D, \u\ < M, 

and ^ e ^°°{D x D xR) is as in Theorem \1.2\ 

For more results and references about the singularities of the Szego kernel and embedding 
of CR manifolds we refer to [ITSlI . 

As an application of Theorem 1 1.11 and Theorem ll.31 we show that by projecting appropriate 
sections through 11^ we obtain CR sections which separate points and tangent vectors. Hence 
we give a Szego kernel proof of the following result due to Ohsawa and Sibony ^2^ [2511 . 

Theorem 1.4. Let X be an orientable compact Levi-flat CR manifold of dimension 2n — l,n>2. 
Assume that there is a positive CR line bundle L over X. Then, for every £ e N there is a Mi > 0 
such that for every k > Mi, we can find Nk CR sections sq, si,..., sn^: G such that 

the map X 3 x [so(x), si(a:),..., SArj^(x)] G is an embedding. 

There are no compact Levi-flat real hypersurfaces in a Stein manifold, due to the maximum 
principle. On the other hand, the non-existence of smooth Levi-flat hypersurfaces in complex 
projective spaces P” attracted a lot of attention, cf. 12^ . The non-existence has been 
settled for n > 3 but a famous still open conjecture is whether this is true for n = 2. 

The paper is organized like follows. In Section [2] we collect some notations, terminology, 
definitions and statements we use throughout. In Section O we give an explicit formula 
for the semi-classical Kohn Laplacian in local coordinates and we determine the char¬ 
acteristic manifold for In Section |4] we exhibit a semi-classical Hodge decomposition 

for olfl- In Section O we establish some regularity for the Szego projection and we prove 
Theorem ll.il In Section [6l by using the semi-classical Hodge decomposition theorem estab¬ 
lished in Section |4] and the regularity for the Szego projection, we prove Theorem 11.21 and 
Theorem 1 1.3 1 In Section [71 we prove Theorem 11.41 


2. Preliminaries 

2.1. Definitions and notations from semi-classical analysis. We use the following nota¬ 
tions: N = {1,2,...}, Ho = H U {0}, M is the set of real numbers, M+ := {x G M; x > 0}. For a 
multiindex a = (oi, ..., afl G Nq we set |a| = oi + ... + For x = (xi, ..., x„) we write 


x“ = xfl 




= 


d 


dH 


dx, ’ ^ 


D = -d D" = D 
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Let z = {zi,..., Zn), Zj = X 2 j-i + ix 2 j, j = I,... ,n,he coordinates of C"^. We write 


z'^ = z?^ 


yGijl 






<9^ 


d<t 


d \ ( d 


dzj 

2 \dx2j-i 

C • • 

gH 

Q ^ 



= (9- ^ . d-' 

*^2 ^Zi • • • ^Zn 


dM 


d ■ ^ \ 

dX2j-l dX2j / ’ 


Let M be a orientable paracompact manifold. We let TM and T*M denote the tangent 
bundle of M and the cotangent bundle of M respectively. The complexified tangent bundle 
of M and the complexified cotangent bundle of M will be denoted by CTM and CT*M 
respectively. We write (•, •) to denote the pointwise duality between TM and T*M. We 
extend (•, ■) bilinearly to CTM x CT*M. 

Let E be a vector bundle over M. The fiber of E at a: e M will be denoted by E^;. Let 
F be another vector bundle over M. We write EM F or F M E* to denote the vector bundle 
over M X M with fiber over {x,y) e M x M consisting of the linear maps from E^ to Fy. 

Let Y c M be an open set. The space of smooth sections of E over Y is denoted by 
E) and the subspace of smooth sections with compact support is denoted by ^^{Y, E). 
Let Km be the canonical bundle of M. The space ^'{Y, E) of distribution sections of E is the 
dual of E*®Km)- Since M is orientable we can identify E*®Km)K) ^^{Y, E*) 
by using a volume element on M, so we can think ^'(y, E) as the dual of E*). 

Let (o'{Y, E) be the subspace of ^'(F, E) whose elements have compact support in Y. For 
m G M, we let H'^{Y, E) denote the Sobolev space of order m of sections of E over Y. Put 


//,” (Y, B) = {« e »'(y, B); e E), Vv> e *r(y)} . 

(Y, B) = HZ,(Y, Ej n S-’(Y, B). 

We recall the Schwartz kernel theorem [l9l Theorems5.2.1, 5.2.6], llT^ ThoremB.2.7]. Let 
E and F be smooth vector bundles over M. Let A{-, ■) e &'{Y xY,FM E*). For any fixed 
u e ^^{M,E), the linear map ^^{M, F*) 3 v ^ (74(-, ■),v M u) e C defines a distribution 
Au e ^'(Y, F). The operator A : E) -3 &'{M, F), u ^ Au, is linear and continuous. 

The Schwartz kernel theorem asserts that, conversely, for any continuous linear operator 
A : ^^{M,E) -3 &'{M,F) there exists a unique distribution A{-, ■) G ^'{M x M^FM E*) 
such that {Au, v) = (74(-, ■),v ® u) for any u G ^^{M, E), v G ^^{M, F*). The distribution 
A{-, •) is called the Schwartz distribution kernel of A. We say that A is properly supported if 
the canonical projections on the two factors restricted to Supp A{-, ■) c M x M are proper. 
The following two statements are equivalent: 

(a) A can be extended to a continuous operator A : ^'(M, E) -3 'rf°°{M, F), 

(b) A{-, •) G xM,FME*). 

If A satisfies (a) or (b), we say that A is a smoothing operator. Furthermore, A is smoothing 
if and only if for all iV > 0 and s G M, A : Tfcomp -^) {M, F) is continuous. 

Let A be a smoothing operator. Then for any volume form dp, the Schwartz kernel of A is 
represented by a smooth kernel K G x M,F M E*), called the Schwartz kernel of A 

with respect to dp, such that 


( 2 . 1 ) 


{Au){x) = f K{x,y)u{y) dp{y), for any m GE). 

J M 
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Then A can be extended as a linear continuous operator A : E) —)> F) by setting 

{Au){x) = {u{-),K{x,-)), xeM, for any M e S'{M,E). 

Definition 2.1. The Szego kernel of the pair (X, L^) is the the Schwartz distribution kernel 
nfc(-, •) G ^'{X X X,L^ M L^) of the Szego projection 11^ given by (I1.2D . 

Let Wi, W 2 be open sets in and let E and F be complex Hermitian vector bundles 
over Wi and W 2 . Let s,s' G M and uq g M. For a /c-dependent continuous function F^ : 
E) ^ (1L^2, F) we write 

F, = 0{k^^) : (LFi, E) ^ (LF^, F), 

if for any xo G ^°°(LF 2 ), Xi e there is a positive constant c > 0 independent of k, 

such that 

(2.2) ||(xoi";iXi)«IL^ < \\u\l, Wu G H^WuE), 

where H-H^ denotes the usual Sobolev norm of order s. We write 

F, = 0(r“) : {W„E)^ hC {W2, F), 

if Fk = 0{k~^) ; (LFi,X) —)■ H^^^{W 2 .,F), for every X > 0. Similarly, let f G N, for a 

fc-dependent continuous function Gk : F) —)■ ^^( 1 X 2 , F) we write 

Gk = 0{k-°°) : E) ^ ^\W2. F), 

if for any xo G ^°°(W 2 ),Xi ^ and X > 0, there are positive constants c > 0 and 

M G No independent of k, such that 

(2.3) \\ixo^kXi)'^\\<ffi[W2,F) — ’ Vm G ^0 i^iiF)., 

A fc-dependent continuous operator Ak : E) —)> ^'( 1 X 2 , F) is called fc-negligible on 

IT 2 X LFi if for k large enough Ak is smoothing and for any X d LF 2 x LFi, any multi-indices 
a, (3 and any X G N there exists GK,a,f},N > 0 such that 

(2.4) \d^d^Ak{x, y) \ < GK,a,/ 3 ,Nk~^ , on K. 

Let Gk : ‘^^{Wi^E) —)■ ^'(W 2 ,F) be another fc-dependent continuous operator. We write 
Ak = Gk mod 0{k~°°) (on LF 2 x LFi) or Ak{x,y) = Gk{x,y) mod 0{k~°°) (on IT 2 x LFi) if 
Ak — Gk is /c-negligible on 1 X 2 x kFi. 

Similarly, for i G No, Ak : E) —)■ ^'( 1 X 2 , F) is called fc-negligible in the norm on 

1 X 2 X IXi if Ak{x, y) G ^^( 1 X 2 X 1 X 1 , Ey Kl F^) for k large and G2.4D holds for multi-indices a, 
P with |q!| + |/3| < i. 

Let Gk : E) —)> ^'( 1 X 2 , X) be another fc-dependent continuous operator. We write 

Ak = Gk mod 0{k~°°) in the norm (on IX 2 x IXi) or Ak{x, y) = Gk{x, y) mod 0{k~°°) in 
norm (on IX 2 x IXi) if Ak — Gk is fc-negligible in norm on IX 2 x IXi. 

Let Bk : L^(X, L^) —)■ L^(X, L^) be a continuous operator. Let s, si be local trivializing 
sections of L on open sets Dq d M, Xi d M respectively, |s|^ = |si|^ = The 

localized operator (with respect to the trivializing sections s and si) of is given by 

(2.5) Bk^s^s, : L\D^) n S\D^) ^ L\D), u ^ e-^*s-'^Bk{s\e^^^u) = U^^^BkUxs,, 
and let Bk,s,si{x, y) & x Di) be the distribution kernel of Bk,s,si- We write 

Bk = 0{k^°) : H\X, L^) H^'{X, L^), no G M, 


7 







Chin-Yu Hsiao & George Marinescu Szego kernel asymptotics and Kodaira embedding theorems 


if for all local trivializing sections s, si on D and Di respectively, we have 

= 0(r") : ^ HCioy 

We write 

Bk = 0{k-°°) : H^{X, L^) H^\X, L^), G M, 

if for all local trivializing sections s, si on D and Di respectively, we have 

Bk,s,s, = 0{k-n : ^ Ht{D). 

Fix £ e N. We write 

Bk = 0{k-^) : ^\X,L’^), 

if for all local trivializing sections s, si on D and Di respectively, we have 

Bk,s,s, = 0{k-°°) : ^ ^\D). 

We recall semi-classical symbol spaces (see Dimassi-Sjdstrand [71 Chapter 8 ]): 


Definition 2.2. Let W be an open set in . Let 


S'(l; W) := < a G | Va G Nq : sup \d°‘a{x)\ < oo k 


xew 


:= <{ (a(-,fc))fc6K| Va G Mq ,Vx G '^o°°(LF) : sup sup |<9“a(x, fc)| < cx) [> . 

fceN xew 


For m G M let 


5i7c(l; = («(•, I k)) G (1; 


Hence a(-, k)) G 5'i7c(l; W) if for every a G Nq and x G there exists Ca > 0, such 

that |(9“(xa(-, k))\ < C^k'^ on W. 

Consider a sequence Oj G j G No, where \ — cx), and let a G ^^7 

that 


i=o 

if for every £ G Nq we have a — Yl:]=o ^ . For a given sequence aj as above, we 

can always find such an asymptotic sum a, which is unique up to an element in s,;r(i) = 
S,;r(liW") :=n„S,™(l). 

We say that a(-, k) G (1) is a classical symbol on W of order m if 


( 2 . 6 ) 


j=0 


(^) ^ 6 * 100 ( 1 )) j 


0 , 1 .... 


The set of all classical symbols on W of order mo is denoted by (1) = (1; W). 


Definition 2.3. Let W be an open set in R^. A semi-classical pseudodifferential operator on 
W of order m and classical symbol is a fc-dependent continuous operator : ^^(W) 
<^°o(FF) such that the distribution kernel Ak{x, y) is given by the oscillatory integral 


(2.7) 


Ak{,x,y) 


kN r 
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We shall identify with Ak{x,y). It is clear that A^ has a unique continuous extension 
Ak : For u e we have 



( 2 . 8 ) 


with symbol 
(2.9) 



2.2. CR manifolds and bundles. A Cauchy-Riemann (CR) manifold (of hypersurface type) 
is a pair (X, T^’^X) where X is a smooth manifold of dimension 2 ? 7 , — 1, n ^ 2, and T^’°X is 
a sub-bundle of the complexified tangent bundle CTX := C (g) TX, of rank (n — 1), such that 
T^’°X n T^’°X = {0} and the set of smooth sections of T^’°X is closed under the Lie bracket. 
We call T^’°X the CR structure of X and we denote T°’^X := T^ox. 

We say that (X, T^’°X) is a Levi-flat CR manifold if the set of smooth sections of T^’°X © 
T°’^X is closed under the Lie bracket. If X is Levi-flat, there exists a smooth foliation of X, of 
real codimension one and whose leaves are complex manifolds: it is obtained by integrating 
the distribution (T^’^X © T^’^X) n TX. 

In this paper, we assume throughout that X is an orientable Levi-flat manifold. 

Fix a smooth Hermitian metric (■ | •) on CTX so that T^’°X is orthogonal to T°’^X and 
{M I u) is real if u, v are real tangent vectors. Then locally there is a real non-vanishing vector 
field T of length one which is pointwise orthogonal to T^’°X © T°’^X. T is unique up to the 
choice of sign. For u e CTX, we write \uf := {u\u). Denote by T*^’°X and T*°’^X the 
dual bundles of T^’°X and T°’^X, respectively. They can be identified with subbundles of the 
complexified cotangent bundle CT*X. 

Define the vector bundle of (0, g)-forms by T*°’'?X := A'^T*°’^X. The Hermitian metric (• | ■) 
on CTX induces, by duality, a Hermitian metric on CT*X and also on the bundles of (0, q) 
forms T*°’^X, ^ = 0,— 1. We shall also denote all these induced metrics by (• | ■). Let 
denote the space of smooth sections of T*°’'^X over D and let Hq’^(T) be the subspace 
of whose elements have compact support in D. Similarly, if T is a vector bundle over 

D, then we let E) denote the space of smooth sections of T*°’'?X © E over D and let 

E) be the subspace of E) whose elements have compact support in D. 

Locally we can choose an orthonormal frame ooi,... ^oon-i of the bundle T*^’°X. Then 
oJi,... ,uJn-i is an orthonormal frame of the bundle T*°’^X. The real {2n — 2)-form ut = 
A cJi A • • • A ojn-i A oJn-i is independent of the choice of the orthonormal frame. Thus 
00 is globally defined. Locally there is a real 1-form ojq of length one which is orthogonal to 
T*i,ox 0 T*°’^X. The form ooo is unique up to the choice of sign. Since X is orientable, there 
is a nowhere vanishing (2n — 1) form Q on X. Thus, cuq can be specified uniquely by requiring 
that 00 A ooo = fQ, where / is a positive function. Therefore ooo, so chosen, is globally defined. 

Definition 2.4. We call ojq the positive 1-form of unit length orthogonal to T*^’°X © T*°’^X. 

We choose a vector field T so that 


1^1 — 1 5 (7", CUo ) — —1 . 


( 2 . 10 ) 


Therefore T is uniquely determined. We call T the uniquely determined global real vector 
field. We have the pointwise orthogonal decompositions: 


( 2 . 11 ) 


CT*X = T*^’°X © T*°’^X © {Awo; A e C} , 
CTX = T^’°X © T°’^X © {AT; A G C} . 
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Let 

(2.12) db : ^ (X) 

be the tangential Cauchy-Riemann operator. Let U c X be an open set. We say that a 
function u e is Cauchy-Riemann (CR for short) (on U) if dbU = 0. 

Definition 2.5. Let L be a complex line bundle over a CR manifold X. We say that L is a 
Cauchy-Riemann (CR for short) (complex) line bundle over X if its transition functions are 
CR. 

If X is Levi-flat, then the restriction a CR line bundle to any leaf Y of the Levi-foliation is a 
holomorphic line bundle. 

From now on, we let (L, h) be a CR line bundle over X, where the Hermitian fiber metric 
on L is denoted by h. We will denote by 0 the local weights of the Hermitian metric. More 
precisely, if s is a local trivializing section of L on an open subset D c X, then the local 
weight of h with respect to s is the function 0 e M) for which 

(2.13) |s(x)|^ = xeD. 

Definition 2.6. Let s be a local trivializing section of L on an open subset D c X and 0 the 
corresponding local weight as in (I2.13D . For p ^ D, we define the Hermitian quadratic form 
on T^’^X by 

(2.14) M}{U, V) = (U A F, d{db(j) - dbcj)) (p)), U,Ve Tp'’°X, 

where d is the usual exterior derivative and db(j) = db(j). Since X is Levi-flat, the definition 
of does not depend on the choice of local trivializations (see [lT4l Proposition 4.2]). 
Hence there exists a smooth section of the bundle of Hermitian forms on T^’°X such that 
R^\d = We call R^ the curvature of (L, h). We say that (L, h), or R^, is positive if R^ is 
positive definite, for every x E X. We say that L is a positive CR line bundle over X if there 
is a Hermitian fiber metric h on L such that the induced curvature R^ is positive. 

In this paper, we assume that L is a positive CR line bundle over a Levi-flat CR manifold 
X and we fix a Hermitian fiber metric /i of L such that the induced curvature R^ is positive. 
Note that a positive line bundle (L, h) in the sense of Definition 12.61 is positive along the leaves 
of the Levi-foliation: its restriction (L, /i)|y to any leaf Y is positive (that is, the curvature of 
the associated Chern connection is positive). 

Let L^, /c > 0, be the /c-th tensor power of the line bundle L. The Hermitian fiber metric on 
L induces a Hermitian fiber metric on that we shall denote by h^. If s is a local trivializing 
section of L then is a local trivializing section of L^. We write db,k to denote the tangential 
Cauchy-Riemann operator acting on forms with values in L^, defined locally by 

(2.15) \k : ^ L'^) , \k{s^u) := 

where s is a local trivialization of L on an open subset D <z X and u E 

3. The semi-classical Kohn Laplacian 

We first introduce some notations. For v E T*°’^X we denote by vA : T*°’*X —)■ T*°’*+'^X 
the exterion multiplication by v and let : T*°’*X —)■ T*°’*“^X be the adjoint of vA with 
respect to (■ | ■). Hence, {v A u\g) = {u\ v'^’*g ),yu E T*°’^’X, g E 


10 







Chin-Yu Hsiao & George Marinescu Szego kernel asymptotics and Kodaira embedding theorems 


For any r = 0,1,..., n — 2, we write 

(3.1) al, : DomS;, c L‘) ^ L‘) 

to denote the Hilbert space adjoint of db^k in the space with respect to (• | ■ )fc- 
denote the (Gaffney extension of the) Kohn Laplacian given by 

(3.2) 

Domn[^] = {s e Dorn Ob,fc n C L(og)(X, L^); db,kS e Domdlk, dlkS G DomOfe,fc} , 


and = db,kd*b^k^ + dl kdb,kS for s e Dom Note that Ker = Ker db,k- By a result of 
Gaffney llT^ Proposition 3.1.2], is a positive self-adjoint operator. 

Let s be a local trivializing of L on an open subset D c X. By using the map (II.3D we have 
the unitary identifications: 


(3.3) 


It is easy to see that 
(3.4) 


^f^{D,T*'^’^X) G- 

-A ®T*^'‘>X) 

U G- 

U = Uk,sU, U = 

9s^k 

^ db,k^ ds^k'^ Uf^^^Ob^kUk^s^ 


^b,ky ^s,k'^ — Uk,s^b,kUk,s, 

□2^ 


ds,k = Ob + k{db(j))A, dlk = dl + k^dbf)'^'* 


and 


( 3 . 5 ) D% = + al,a,_,. 

Here 0^ : T*^'^X) is the formal adjoint of Ob with respect to (■ | •). 

Let us choose a smooth orthonormal frame {ej}^~l for T*^’^X on D. Let {Zj}'^~l denote the 
dual frame of T^’^X. Let Z* be the formal adjoint of Zj with respect to (• | ■), j = 1,. .., n — 1, 
that is, (Z,/ \h) = {f\ Z*h), f,he 


Proposition 3.1 ( llT3l Proposition 3.1]). With the notations used before, using the identifica¬ 
tion (13.3D . we can identify the Kohn Laplacian D^fl with 


(3.6) 


□2 = ds,kdlk + dlkds,k 

n—1 

= +kz,m 

3 = ^ 


n—1 

+ 'y ^ Cj A e^’ o [Zj + /cZj(0), Zj* + /cZb((/))] 
j,i=l 


-)- £(Z + fcZ(0)) -j- e(^Z* + fcZ(0)) + /, 


where e{Z + kZ{(j))) denotes remainder terms of the form '^aj{Zj + kZj{(j))) with aj smooth, 
matrix-valued and independent ofk, for all j, and similarly for e{Z* + kZ{(j))) and f is a smooth 
function independent of k. 
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The operator will be called the localized Kohn Laplacian. Until further notice, we work 
with some real local coordinates x = (xi,... ,X 2 n-i) defined on D. Let ^ = (.^i,... ,(^ 2 n-i) 
denote the dual variables of x. Then (x, are local coordinates of the cotangent bundle 
T*D. Let qj{x,^) be the semi-classical principal symbol of Zj + kZj{(j)), j = 1,... ,n — 1. If 
rj{x, denotes the principal symbol of Zj, then qj{x, = rj{x, + Zj{(j)). The semi-classical 
principal symbol of d[^1 is given by 

n—1 

(3.7) Po = ^qjqj- 

i=i 

The characteristic manifold S of is 

Y = {{x,O^T*D;p,{x,O=0} 

= e T*D] gi(x,0 = •• ■ = qn-i{x,0 =qi{x,0 = ■■■ = qn-i{x,0 = O} • 

From (13.8ft . we see that po vanishes to second order at S. The following is also well- 
known IIT31 Proposition 3.2] 

Proposition 3.2. We have 

(3.9) S = {(x,0 e T*D; e = Xuo{x) -2lmdb(j){x),Xe M} . 

Let a = A dx denote the canonical two form on T*D. We are interested in whether a is 
non-degenerate at p G S. We recall that a is non-degenerate at p G S if a{u,v) = 0 for all 
V G CTpTi, where u G CTpY, then u = 0. We recall that we work with the assumption that X 
is Levi-flat. From this observation and Theorem 3.5 in [|T^ , we conclude that: 

Theorem 3.3. a is non-degenerate at every point o/S. 

4. Semi-classical Hodge decomposition for the localized Kohn Laplacian 

In this section, we will apply the method introduced in [|T^ to establish semi-classical 
Hodge decomposition theorems for D®. Since the procedure is similar, we will only give the 
outline. We refer the reader to IIT3l Section 4 and Section 5] for the details. 

4.1. The heat equation for the local operator We first introduce some notations. Let 
H be an open set in and let /, g be positive continuous functions on H. We write / x p if 
for every compact set iT c H there is a constant ck > 0 such that / < ckP and g < cxf on K. 

Let s be a local trivializing section of L on an open subset D X and \s\l = In this 
section, we work with some real local coordinates x = (xi,..., X 2 n-i) defined on D. We write 
^ = (^ 1 ,..., ^ 2 n-i) or T] = (pi,..., p 2 n-i) to denote the dual coordinates of x. We consider the 
domain D -.= OxW. We write x := (x, X 2 n) = ixi,X 2 ,..., X 2 n-i, X 2 n) to denote the coordinates 
of B xR, where X 2 n is the coordinate of R. We write ^ := ^ 2 n) or fj := {rj, p 2 n) to denote the 

dual coordinates of x, where ^ 2 n and p 2 n denote the dual coordinate of X 2 n- We shall use the 

2n—1 2n—1 2n ^ 2n 

following notations: (x,p) := XI {^^0 ■= E {x, 0 ■= 

j=i j=i j=i j=i 

Let T*^’^D be the bundle with fiber := {u G T*^’‘^D,x = (x,X 2 n)} at x G H. From 

now on, for every point x = (x, X 2 n) £ D, we identify with Let (■ | ■) be the 
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Hermitian metric on CT*D given by (^|r/) = {^\ri) + ^ 2 n?i 2 n, ^ CT*D. Let 

denote the space of smooth sections of T*^’'^D over D and put 


Using the identification 

ku{x) = 


d 


—I 


dx 


2n 


(x) ] , ue 


we consider the following operators 

(4.1) _ ^ ^ ’ _ 

a* : (D) ^ 11°’"(D), u G U°’"+^(D), 

where r = 0, l,...,n — 1 and dg^k, d*^ k given by (I3.3D . From (I3.4D it is easy to see that 


(4.2) 




n—l 

3;=E 

i=i 


A,* 


Z* - iZi{4,) 


a 


dx 


2n 


+ ej A (dbCj 


\ A,* 


dx 


2n- 


where Zi,..., Zn-i, ..., Z*_^ and ei,..., e^-i are as in Proposition 13.11 Put 

(4.3) := dgdl + dlds : 11°’^(5) ^ ll°’''(i3). 

From (14.ID . we have 

(4.4) = WeQ^’^D), 

where is given by fl3.3D . Let u G llo’'^(Zl). Note that 

k j e-^^^^-u{x)dX2n = j %^{e-^'^"^-)u{x)dX2n = j 

From this observation and the explicit formulas for dg^k, d*g k, dg and 9* (see (13.4D and (14.2D ), 
we conclude that 

(4.5) J e-^^^^-u{x)dx2n = J e-^'^^^”{n^^\){x)dx2n, U G llo’'(5). 

As in Proposition 4.1 in [|T3ll . we have: 

Proposition 4.1. With the notations used before, we have 

=dgd:+d:dg 

n—l 




(4.6) 


3=^ 
n—l 

i,i=l 


A,* 

et 


Zj-iZjif) 


d 

dX2n^ ^ 


tzm ^ 


+ e { Z — iZ^f) 


d 


dx 


2n 


+ e [ Z-- iZ(4,)-^ 


2n 


dX2n_ 

+ zero order terms, 
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where e{Z — denotes remainder terms of the form Yh^j^Zj — iZji^f) 

smooth, matrix-valued, for all j, and similarly for e{Z* — iZ^f)-^^). 

In this paper, we will only consider g = 0. Consider the problem 

{dt + S') = 0 in M+ X D, 

m(0, x) = v{x). 


jT^) with a,- 


(4.7) 


Definition 4.2. We say that a{t,x,ri) e x T*D) is quasi-homogeneous of degree j if 

a{t,x,Xp) = X^a{Xt,x,7]) for all A > 0, \p\ > 1. We say that b{x,rj) e is positively 

homogeneous of degree j if 6(S, Xrj) = X^b{x, rj) for all A > 0, \7]\ > 1. 

We look for an approximate solution of (I4.7D of the form u{t, x) = A{t)v{x), 

1 


(4.8) 


A{f)v(x) = 


(2n] 


2n 




a{t,x,p)v{y)dydi] 


where formally a{t,x,y) ~ Y ^ x T*D), aj{t,x,y) is a quasi- 

j=o 

homogeneous function of degree —j. The phase x, rj) should solve the eikonal equation 


(4.9) 


(9\b 

— -i%{x, 4^9 = 0(|Im4'|^),VAr > 0, 


4'|i=o = {x,rj) 


with Im 4/ > 0, where po denotes the principal symbol of From (14.6D . we have 

n—1 

po = 


(4.10) 


i=i 


where fj is the principal symbol of Zj — iZj{(l))-Q^, j = 1,... ,n — 1. The characteristic 
manifold S of is given by 

(4.11) S = I(S, f) e T*D; f) = • • • = Qn-iix, f) = gi(S, f) = • ■ • = f) = o|. 


From (14.IIP , we see that po vanishes to second order at S. Let a denote the canonical two 
form on T*D. As Proposition 13.21 and Theorem 13.31 we have 

Theorem 4.3. With the notations used above, we have 

(4.12) S = |(x,f) e T*D-,j = {Xuoix) - 2Ima,0(a;)6n,e2n), A e ] 

Put 

= I(x, f) e T*D; j = (Acuo(x) - 2lmdb(j){x)^2n, 6n), A G M, > o|, 


(4.13) 

S_ = |(S,0 e T*D; ^ = {Xuo{x) - 2Im<9fe0(a:)^2n,6n), A G M,6n < 0 [> . 
Then, a is non-degenerate at every point o/S+ U S_. 


Put 

(4.14) 


(7= (x,e)GT*Zl;e = (e,6n),6n>0 . 
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Then f/ is a conic open set of T*D. Until further notice, we work in U. Since a is non¬ 
degenerate at each point of U fi S = (I4.9D can be solved with Im > 0 on U. More 

precisely, we have the following. 


Theorem 4.4. There exists e x U) such that \&(f, x, 77 ) is quasi-homogeneous 

of degree 1 and Im \1/ > 0 and such that (I4.9D holds where the error term is uniform on every set 
of the form [0,T] x K with T > 0 and K <zU compact. Furthermore, is unique up to a term 
which is 0(|lm\f 1 ^) locally uniformly for every N and 


(4.15) 


4 '(t,x,r 7 ) = {x,p) on S+, 
dx,rii^ - {x,p)) = 0 on 


Moreover, we have 

(4.16) ImT'(f,x,r 7 ) X (^|r 7 | (^dist ((x, , t > 0, {x,p)eU. 

Furthermore, we can take \&(f, x, rj) so that 


(4.17) 


4^(t, X, 77 ) = 4^(t, (X, 0), 77 ) + X2nri2n 


Theorem 4.5. There exists a function 4/(cx),x, 77 ) e with a uniquely determined Taylor 

expansion at each point of such that 4/(oo, x, p) is positively homogeneous of degree 1 and for 

every compact set K c U thereisacx > Osuch that Im 4/(cx),x, 77 ^) > ck\p\ ^dist ((x, ilj-), S+) j , 

(ij_f 7 ( 4 /(oo, X, 77) — (x, 77)) = 0 on S_|_. If X G C{U), A > 0 and A(x, < minAj(x, ^), for all 
{x, l) = (x, (Xcco(x) — 2Im d/,(/>(x)^2n, C2n)) £ where Xj(x,^) are the eigenvalues of the Her- 
mitian quadratic form ^2nRx’ solution 4'(t, x, rj) of (14.9D can be chosen so that for every 

compact set K c U and all indices a, (3, 7 , there is a constant > 0 such that 


(4.18) 


dSd^d^{^{t,x,r]) - 4'(cx),x,77)) 


< Ca, 0 ,'y,Ke on M+ X K. 


For the proofs of Theorem 14.41 and Theorem 14.51 we refer to Menikoff-Sjostrand [l23ll . IITTII 
and [|T^ Section 4.1]. 

From now on, we assume that 4/(t, x, p) has the form G4.17D and hence 


(4.19) ^{ 00 ,X,p) = ^{ 00 , (X, 0),77) +X2nP2n 

We let the full symbol of be: 

2 

full symbol of 0 ^°^ = ^ pj 

i=o 


where Pj{x, is positively homogeneous of order 2 — j. We apply dt + formally under 
the integral in (I4.8D and then introduce the asymptotic expansion of □i°^(ae*'^). Setting 
0 and regrouping the terms according to the degree of quasi-homogeneity 
we obtain for each N the transport equations 

(- 420 ) f T(f,x,77,(9t,a5;)ao = 0(|Im4^|^), ^ 

\ T{t,x,p,dt,d^)aj + Rj{t,x,p,aQ,... ,aj_i) = . 
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Here 



where 



and Rj is a linear differential operator acting on qq, ai,..., aj-i. We note that q(t, x, rj) 
q{oo,x,7]) as t —)■ cxo, exponentially fast in the sense of (I4.18D and the same is true for the 
coefficients of Rj, for all j. 

Following [|T^ , we can solve the transport equations (I4.20D . To state the results precisely, 
we pause and introduce some symbol spaces. 

Definition 4.6. Let /i > 0 be a non-negative constant. We say that a G S”(B+ X (/) if 
a e X U) and for all indices a, e Nq"', 7 G No, every compact set K ^ D, there exists 

a constant c > 0 such that 



Put 



Let Oj G ^■’(R+ X U), j e No, with mj —00, j —)■ cx). Then there exists a G S'™°(R+ x U), 


k-l 


unique modulo x U), such that a — aj e (R+ x U) for fc = 0,1,2,_If a and 


j=0 


00 


00 


ttj have the properties above, we write a ~ E a, in ^7(R+ X U). 

j=0 


Following the proof of IIT3l Theorem 4.15] we get: 

Theorem 4.7. We can find solutions aj{t, x, rj) G 5'E(R+ x U), j = 0,1,... of the system (I4.20D . 
where ajf, x, rj) is a quasi-homogeneous function of degree —j, for each j, with 


ao(0, x,p) = 1 on U, 

ttjf, x,p) = 0 on U, j = 1,2,..., 


(4.21) 


aj{t,x,p) 


aj{oo,x,rj) e S^^(R+xU), j 


0 , 1 , 2 ,..., 


(4.22) 


ao(oo,x,?7) 7^ 0, V(x,7)gS+, 


where p > 0 is a constant and aj{oo,x,rj) G ^°°{U), j = 0,1,.. aj{oo,x,rj) is a positively 
homogeneous function of degree —j, for each j. 

Let mGR, 0<p, (5<1. For a conic open subset F of T*D, let 5 '™ 5 (r) denote the Hormander 
symbol space on T of order m type {p,d) (see [[ 8 l Definition 1.1]) and let 5'^(r) denote the 
space of classical symbols on T of order m (see p. 35]). Let B c D he an open set. Let 

Lf 2.{B) and L^{B) denote the space of pseudodifferential operators on B of order m type 

2 ’ 2 

(|, |) and the space of classical pseudodifferential operators on B of order m. The classical 
result of Calderon and Vaillancourt IITOl Theorem 18.6.6] tells us that for any A G Lf ^{B), 


(4.23) 


A : H^^j^p(B) —)■ Hj^J^{B) is continuous, for every s G R. 
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We return to our situation. For j G Mqj x, fj) e Sq x U) and aj{oo, x, rj) e 

be as in Theorem 14.71 Let 


(4.24) 


a{oo,x,p) ~ ^ aj{oo,x,p) in SIq{U), 

j=0 

OO ^ _ 

a{t, X, rj) ^ aj{t,x,j]) in 5q(M+ x U), 

j=0 

a{t, X, rj) — a(cxo, x, rj) G 5'°(R+ x f/), /i > 0. 


Take a{'q 2 n) e with a{'q 2 n) = 1 if mn < a(? 72 n) = 0 if T] 2 n > 1- Choose x e 

so that xiv) = 1 when Ir^l < 1 and xiv) = 0 when |? 7 | > 2. For e > 0, put 

1 




( 27 r 

- - x{v))x{£v){^ - a{p2n))dt^drj. 

By Chapter 5 in part I of [fTT]] . we have for any u G 


and the operator 


lim / Ge{x,y)u{y)dy G ^°°{D), 
£->■0 


G : ^o°°(T>) ^ M 1 -^ lini / Ge{x,y)u{y)dy, 

£—>■0 / 


is continuous, has a unique continuous extension: G ; —> V'{D) and G G L^\{D) with 

2 ’ 2 

symbol 


g(x,?7) = / x, ?7))dt(l - 0 ( 772 ^)) 


in S^\{T*D). We denote 
2 ’ 2 


(4.25) 


G(S,») = f ( 


^i'’^^a(oo,x, r7))(l - x(?7))(l - a{r]2n))dt^dy. 


Similarly, for e > 0, put 

S.(x.9) = ^ 


J{'i>{oo,x,ri)-(y,rj)) 


2n 


a{oo,x,rj){l - x(?7))x(£^)(l - a{y 2 n))dy. 


By iim Chapter 5, part I]) we have for u G 


lim / S,{x,ii)u{y)dS £V°°{D), 

£—>■0 / 


the operator 


S : ur^Mm Se{x,y)u{y)dy, 

£—>■0 / 


17 









Chin-Yu Hsiao & George Marinescu Szego kernel asymptotics and Kodaira embedding theorems 


is continuous, has a unique continuous extension: S : £'{D) —)■ V'{D) and S' e Li i(-D) with 

^ 2 ’ 2 

symbol s{x,7]) = x, r 7 )(l — a{ri 2 n)) G Si i{T*D). We denote 

2 ’ 2 

(4.26) S{x,y) = j - x(^))(l - a{p 2 n))dp. 

Put 

(4.27) J = (27r)-2-y' 

We can repeat the proof of llTTl Proposition 6.5] with minor changes and obtain: 

Theorem 4.8. With the notations used above, we have 

S + nf>^oG = I on D, 

dsoS = 0 on D, D® o ^ = 0 on D. 

The next result follows from complex stationary phase formula of Melin and Sjbstrand [l2^ 
with essentially the same proof as of [|T3l Theorem 4.29]. 

Theorem 4.9. With the notations and assumptions above, let S = S{x,y) e i(£>) be as in 

^ 2 ’ 2 

Theorem 14.81 Then, on D, we have 

S{x,y) = f M, t)(l — 

Ju&R,t&R+ 

oo ^ ^ 

b(x, y, u,t) Vy '^y Si~^^{D X D X M X M+), 

i=o 

bj{x, y, u, t) e ^°°{D X D xRx M+), j = 0,1, 2,..., 

bj{x, y, Am, Xt) = X^~^~^bj(x, y, m, f), V(x, y,u,t) G D x D x x R+, A > 1, Vj, 
6o(x, Si, M, f) 7 ^ 0, y{x,y,u,t) G D x D x x M+, A > 1, 

$(x, y, u, t) = (X 2 n - y 2 n)t + y, u, t), 

(p{x,y,u,t) G ^°°{D X D X M. X M+), 

p(x, y, Xu, Xt) = Xp{x, y, u, t), V(x, y,u,t)EDxDx'M.x M+, A > 1, 

\mp[x, y, u, t) > 0, 

p{x,x,u,t) = 0, Vx G iA, M G M, f G M+, 

dxp\{x,x,u,t) = -2tlmdb4>{x) + uuo{x), Vx G ZA, m G M, t e M+, 
dy(p\{x,x,u,t) = 2tlmdb(j){x) - uuo{x), Vx G ZA, m G M, f G M+, 

|^(x, y, u,t) = t) and ^(x, y, u,t) = t) if and only ifx = y. 

We can repeat the method in [|T3l Section 4.4] with minor changes to compute the tangen¬ 
tial Hessian of the phase function (p{x,y,u,t). Since the computation is simpler therefore we 
omit the details. We state the result. 


(4.28) 
'with 

(4.29) 


(4.30) 
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Theorem 4.10. With the notations above, put 'ilj{x,y,u) := (p{x,y,u,l). Fix p G D and let 
Zi ,..., Zn-i be an orthonormal frame of Tf'^X varying smoothly with x in a neighbourhood 
of p, for which the Hermitian quadratic form is diagonalized at p. Let x = (xi,..., X 2 n-i), 
Zj = X 2 j-i +ix 2 j, j = I,... ,n—l, be local coordinates of X defined in some small neighbourhood 
of p such that 


(4.31) 


x{p) = 0, Uo{p) = dX 2 n-l, T{p) = 


d 


dX2n-l 


ip), 




d 


_ g g g 

- +CjX2n-lJp: - + 0{\xf), J = l,. 


t=l 


'dX2n-l 


dX2n-l 




n—1 

0(x) = I3x2n-1 + 

J=1 



n—1 n—1 

Pt,iZtZi + {ai,tZiZt + ai^tZiZt) 
l,t=l l,t=l 


n—1 

+ y^fdjZjX2n-i + djZjX2n-i) + 0{\x2n-if) + 0(|a;|^), 


where /3 e R, Tj^t, Cj, aj, dj G C, = p^^, Tj^t + Tij = 0, j, t = 1,. .., n - 1. We also 

write y = {yi ,..., y 2 n-i), Wj = y 2 j-i + W 2 j, j = 1, • • •, — 1- Then, in some small neighbourhood 
Do ofp we have for all (x, y, u) e Do x Dq x R, 

\m.'f{x, y,u) > c \x' — y’'^ , 

> C{\x2n-l - y2n-l\ + \x' - y'\^), 




Imfi^x, y, u) + 


Of ^ 
du 


[x,y,u} 


where c> 0 is a constant, x' = (xi,. .., X2n-2), y' = (2/2, • • •, y2n-2), \x' -y'f = E \xj - yf^ 

i=i 

and 

(4.33) 

^ix,y,u) 

n—1 n—1 . n—1 

= -* ~ + “(^2n-i - y2n-i) “ “ + ajf{ZjZl - WjWl) 

i=i i=i j,^=i 


. tv _L ^ lb _L 

+ 2 + ^R)i'^Di - + 2 

i,^=i i,*=i 

n—1 n—1 

+ y^(-iCj/3 - UCj - idj){ZjX 2 n-l - Wjy 2 n-l) + - UCj + idj){ZjX 2 n-l - UJjy2n-l) 

j=i i=i 


. n—1 . n—1 

9 Yl 

i=i "" i=i 

/ G fi0,0,u) = 0, Vm G M, 


) + - Aj - Wj 1^ + {X2n-1 


y 2 n-i)fix,y,u)+ 0{\{x,y)f), 


where Ai > 0,..., A^-i > 0 are the eigenvalues of with respect to (■ | •). 
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4.2. Semi-classical Hodge decomposition for ofl. In this section we apply Theorem 14.81 
and Theorem 14.91 to describe the semi-classical behaviour of nfl- 

Let s be a local trivializing section of L on an open subset D c X and |s|^ = Let 

x{x 2 n), Xi{x 2 n) ^ xXi > 0. We assume that xi = 1 on Suppy. We take y so that 

/ X{x2n)dX2n = 1- PUt 

(4.34) Xk{x 2 n) = 

We say that a sequence (^f^) in C is rapidly decreasing and write pk = 0{k~°°) if for every 
TV > 0, there exists Cn > 0 independent of k such that for all k we have l^f^l < CMk~^. 

Proposition 4.11. With the notations before, let I = (27r)“^” J _ a{ri 2 n))dp be as in 

(I4.27D . Let Ik be the continuous operator given by 

j e-^^^^-Xl{x2n)I{Xkf){x)dX2n. 

Then, /^ = (1 + gk)I on where I is the identity map on and {pk) is a rapidly 

decreasing sequence. 

Proof It is easy to see that 

/ = (27r)"2^/ ed^~yx)-^'^i^i'^-y‘^^)y^.^[x2n)x{y2n)dridy2ndx2n on^f°{D). 

From this observation, we can check that /^ = (1 + pk)I where 

(4.35) pk = -(27r)"^"y e*<"^"""^""’’'2'‘"^>a(?72n)xi(a;2n)x(2/2n)dr72ndi/2nda;2n. 

Since a{p 2 n) = 0 if r; > 1, we can integrate by parts in (I4.35D with respect to y 2 n several times 
and conclude that □ 

Let S' e i{D) and G E be as in Theorem 14.8[ For s G Mo define 

2 ’ 2 2 ’ 2 

(4.36) St : H;^(D), f ^ f e-““'>"Xi(a:2„)S(xt/)(®)o!l2„ , 

^ T Pk J 


(4.37) 


&: HL(D) ^ / 


— ikX2r. 


Xl{x2n)G{Xkf){x)dX2n 


comp ' 


^ Y 9k J 

From (I4.36D . (I4.37D and the fact that S : {D) {D) is continuous for every s E 1 

G : (D) — )■ is continuous for every s G M, it is straightforward to check that 

5, = 0{k^) : (D) -E (D), Vs G Mq, 

a = 0(k‘) : (D) ^ H‘:XD), Vs e N„. 

Repeating the proof of [lT3l Theorem 5.4] by making use of Proposition 14.111 we get: 


(4.38) 


Theorem 4.12. Let s be a local trivializing section of L on an open subset D c X and |s|^ = 
Let Sk and Qk be as in (I4.36D . (I4.37D respectively. Then, 

Sl,St = 0{k‘) : HU^(D) ^ HUD), Vs e Z, 

01,St = 0(k‘) : HUt(D) ^ HU(D), Vs e Z. 


(4.39) 
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and we have on D, 

(4.40) 

(4.41) 

(4.42) 

(4.43) 


ds,kSk = 0 mod 0{k °°), 

□1“>S, = 0, s:ni"2 = o modO(fc-“), 

St + nSa = I , 
gtofl + a- = /, 


where SI, Ql are the formal adjoints of Sk, Gk with respect to (• | ■) respectively and 0^°^ is given 
by ([O). 


Theorem 4.13. We have 
(4.44) Sk{x,y)-Ji 




s{x, y, u, k)du = 0{k (D) (D), Vs e Z, 


where 


s{x,y,u,k) e 5 * 1 "^ i(l;Zl x D xR), 


(4.45) 


Six, 


y, u,k) Sj{x, y, u)k'^ ^ in S'l”^ {1;D x D xR), 

j =0 

Sj(x, y, u) G ^°°{D X D xR), j = 0,1, 2,..., 
and 'ijj{x, y, u) = p{x, y, u, 1), p{x, y, u, t) is as in Theorem \4.9\ 

Proof From the definition (I4.36D of Sk and Theorem 14.91 we see that the distribution kernel 
of Sk is given by 

(4.46) 

Skix,y) 


- a(i))da; 2 ndtciy 2 ndu mod 0(/c °°) 


't>Q 


./uGR,creK+ 

X Xi(3^2n)x(l/2n)(l “ a{ka))dx 2 ndady 2 ndu mod 0(A;“°°), 

where the integrals above are defined as oscillatory integrals. Let 7 ( 0 -) G with 

7 (cr) = 1 in some small neighbourhood of 1. Put 

h{x,y) 


(4.47) 




Ict>Q 


X Xl{x2n)x{y2n)dX2ndady2ndu, 


h{x,y) 


(4.48) 

Then, 

(4.49) 


Jkcr'ip{x,y,u)+ik{x2n-y2n)ia--l) 


(1 — 'y{a))k'^ab{x, y, kau, ka){l — a{ka)) 


'(7>0 


X Xl{x2n)x{y2n)dX2ndady2ndu. 

Sk{x,y) = Io{x,y) + Ii{x,y) mod 0(fc" 
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First, we study Ji(a:, y). Note that when a ^ 1, dy 2 ^[a'ijj{x,y,u) + {x2n—y2n){<7—l-)) = 1-a ^ 0. 
Thus, we can integrate by parts in y 2 n several times and get that 

(4.50) h = 0{k-n-■ HUAD) ^ HL(D), Vs 6 Z. 

Next, we study the kernel Io{x, y). We may assume that b{x, y, kau, ka) is supported in some 
small neighbourhood of x = ^. We want to apply the stationary phase method of Melin and 
Sjdstrand (see page 148 of [12^ 1 to carry out the dx 2 nda integration in (I4.47D . Put 

Q{x,y,a) := a'ilj{x,y,u) + {x 2 n - y 2 n)(u - !)• 

We first notice that d„Q{x, y, (T)\^=g = 0 and dx^^Q{x, y, = 0. Thus, x = y and a = 1 are 

real critical points. Moreover, we can check that the Hessian of 0(x, y,a)atx = y,a = 1, is 
given by 

/ 0"^(x,x,l) 0'4^^(x,x,l) \ _ 0 1\ 

V / V 1 0 / ■ 

Thus, Q{x,y,a) is a non-degenerate complex valued phase function in the sense of Melin- 
Sjostrand [l22l] . Let 

0(x, y, d) := ^{x, y, u)d + {x 2 n - y 2 n)(d - 1) 

be an almost analytic extension of 0(x, y, a), where ifj{x, y, u) is an almost analytic extension 
of 'ij;{x,y,u). Here we fix u. We can check that given y 2 n and {x,y), X 2 n = y 2 n — i’{x,y,u), 
a = 1 are the solutions of _ _ 

dQ de 

— = 0,j— = 0. 

0(7 OX2n 

From this and by the stationary phase formula of Melin-Sjostrand [l22l] . we get 

(4.51) Jo(x,|/) - j (H) ^ 77^(11), Vs G Z, 

where s{x,y,u,k) ^ Sioc,ci7X x D xR), 

OO 

s{x, y, u, k) ~ Sj{x, y, u)k'^~^ in S'l^^ {1, D x D xR), 
i=o 

Sj{x,y,u) e X D X M), j = 0,1,2,.... From (I4.50D . (I4.51D and (I4.49D . the theorem 

follows. □ 

From Theorem 14. 1 31 and the stationary phase method of Melin and Sjostrand, we deduce: 

Theorem 4.14. Let Ak be a properly supported classical semi-classical pseudodifferential opera¬ 
tor on D of order 0 as in (12.8D and (12.9D with symbol jd e (1; T*D) such that (3{x, ? 7 , A:) = 0 
for some large M > 0. We have 

(4.52) {SkoAk){x,y) = jd^'^^^’y’'^^aix,y,u,k)du mod 0{k-^), 

where 

a{x,y,u,k) e xDx (-M, M)) n (1; D x D x (-M,M)), 

OO 

(4.53) a{x, y, u,k) aji^, y, u)k^-^ in {1] D x D x -]M, M[), 

j=0 

aj(x,y,u) e x Dx (-M,M)), j = 0,1,2,..., 
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and y, u) = ip{x, y, u, 1)^ ip{x, y, u, t) is as in Theorem \4.9\ 

Let Ak = (^ 2 ^pn-i f k)dr] mod 0{k~°°) be as in Theorem 14.141 Put 

OO 

(4.54) (3{x,y,k) ^'^I3j{x,v)k-^, Pj{x,y) e ^°^{T*D), j = 0 , 1 , 2 ,.... 

j=o 

From the last formula of (I4.29D . it is straightforward to see that 

(4.55) ao{x,x,u) ^ 0 ii(3 q{x,uujq{x) — 2Imc)b0(a;)) ^ 0, 

where ao(x, y, u) is as in (I4.53D . In the rest of this section, we will calculate ao(x, x, u). 

Fix Dq (£ D and let X) X ^ [0,1]), x = X = 1 -Do ^nd x = 1 on some neighbour¬ 

hood of Supp X- 

Lemma 4.15. With the notations above, we have 

(4.56) {x^lSlx){x<SkAkX) = X-^k^kAkX mod 0{k~°°), 
where Al is the formal adjoint of Ak- 

Proof From (I4.43D . we have 

(4.57) xAlQld^ix + xAlSlx = xAlx- 
From (I4.57D . we have 

(4.58) xAlGldflx^SkAkX + X^lSlx^SkAkX = X^lx^SkAkX- 

From fl4.52D . it is not difficult to check that SkAk is /c-negligible away the diagonal. From this 
observation, (I4.39D and (I4.41D . we conclude that 

(4.59) xAlGluflx^SkAkX = 0 mod 0{k-^). 

From (I4.59D and (I4.58D . we get 

(4.60) xAlSlx^SkAkX = X-Alx^SkAkX mod 0{k~°°). 

Again, since SkAk is /c-negligible away the diagonal, we deduce that 

(4.61) X-Alx^SkAkX = X-KSk-AkX mod 0(/c“°°). 

From (I4.60D and (I4.61D . we get (I4.56D . □ 

From (I4.56D . (I4.52D and the complex stationary phase formula of Melin-Sjostrand [l2^ . we 
deduce that 

(4.62) 

{{X-KSkX){xSkAkX)){x,y) = {xAlSkAkX){x,y) = j g{x,y,uA)du mod 0(/c“°°), 

where 

g{x, y, u, k) e xDx (-M, M)) n ^^ocd (1; D x D x (-M, M)), 

OO 

(4.63) g{x,y,u,k) ~ '^gj{x,y,u)k'^~^ in x D x R), 

j=0 

9j{x,y,u) e X Dx (-M,M)), j = 0,1,2,..., 

and 

(4.64) go{x,x,u) = ao{x,x,u)Po{x,uuo{x) — 2lmdb4>{x)), \/{x,x,u) ^ Dq x Dq x (—M, M). 
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On the other hand, we can repeat the procedure of Section 5 in [fTSlI (see the discussion after 
Theorem 5.6 in IITSlI ') and deduce that 

(4.65) {{x^lSlx){X'SkAkX))ix,y) = /c)dM mod 

with 

h{x,y,u,k) e X D X xDx 

oo 

(4.66) h{x, y, u,k) hj{x, y, u)k'^~^ in {l,D x D x {-M, M)), 

j=0 


hj{x,y,u) e xDx 


J = 0,l,2,.. 




(4.67) 


1-1 


/io(ai, ai, m) = Svr” det |ao(a;, x, m)| , y{x, x,u) ^ Dq x Dq x {—M, M), 


go{x,x,u) = ho{x,x,u), y{x,x,u) G D x D x (—M, M), 
and for all {x,x,u) e D x D x (—M, M), we have 


(4.68) 


'ipi{x,x,u) = 0, dx'ilJi{x,x,u) = dx'ipiXyXyU), dy'ipi{x,x,u) = dy'ip{x,x,u), 
lm'ipi{x,y,u) > 0, \/{x,y,u) e D x D x (—M, M). 


From fl4.67D and fl4.64D . we get for all (x, x, u) e Dq x Dq 


X 




(4.69) ao{x, X, u)(3o{x, uljo(x) — 2Imdb(j^(x)) = 27r"' Idet R^\ ^ |ao(x, x, u)'^ . 


If j3Q{x,uu:o{x) — 2Imc)ft0(x)) = 0, we get ao(x,x, m ) = 0. If j3o{x,uiOQ{x) — 2\mdb(t){x)) ^ 0, in 

view of fl4.55D . we know that ao(x, x, u) ^ 0. From this observation and (I4.69D . we obtain 


Theorem 4.16. For ao(x, y, u) in fl4.53D . 

ao(x, X, u) = 2 ^”"^ 1*^^^ ^x \ uuo{x) — 2Imc)f,0(x)), {x,x,u) E D x D x (—M, M), 
where /3o{x, t]) e '^°°{T*D) is as in (I4.54D and det as in (II.ID . 


5. Regularity of the Szego projection 11^ 

In this section, we will prove Theorem 11.11 For this purpose we first establish the spectral 
gap for the Kohn Laplacian and then Sobolev estimates for the associated Green operator 
and finally for 11^. 

We start with a local form of the spectral gap estimate for (0, l)-forms. 

Lemma 5.1. Let s be a local trivializing section of L on an open set D c X. Then, there is a 
constant C > 0 independent of k such that 

> {ck - i) ||«||L V« e nl'(D,L>‘). 

Proof Let u G L^). Put u = s^u, u G flo ^(H). In view of (13.3D . we have 

(5.1) 
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n—1 

Put M = X] where ci,..., e„_i e T*^’^X is as in Proposition 13.11 From (I3.6D . we have 

i=i 

n—1 n—1 

(5.2) = \\{Zj + kZ^{<P)){e-^^u)f + + kZj{<P), -Z^ + kZt{<P)]{e-’^%) \ e-^% ) 

i=i i,4=i 

+ ( {e{Z + kZ{(P)) + e{Z* + kZ{4>))){e-^^u) \ e-^^u) + ( fe-^^u \ e-^^u). 

Here we use the same notations as in Proposition 13.11 Fix j, t = 1,2,..., n — 1. Put 

n—1 

S = 1 

Recall than by [Il4l Lemma 4.1], for any U,V e T^’^X and any W, V G C°°{D,T^’^X) that 
satisfy W(p) = U, V{p) = V, we have 

(5.3) Ri{U,V) = M}{U,V) = -{[U,V]{p),d,4>{p) - dM) + (WV +VW)0(p). 

By using (15.3D we obtain 

[Zj + kZj^cj)), —Zi + kZt^cj))] 

n—1 

= Z, - + k{Z,Zt+%Zj){4>) 

S = 1 

(5 4) _ _ 

= ^(ai‘{z.+kz.m+yf(-z,+kz,(m 

S = 1 

- k{ [Zj, -Zt ], ) + k{z;zt + ZtZ^){<t)) 

= e{Z + kZ{(t))) + e{-Z + kZ{(P)) + kR^(Zt, Zj). 

From fl5.4D and (15.2D . we get 

(□«(e-**S)|e-**e) 

n—1 n—1 

(5.5) = \\{Zj + A:Z,.(0))(e-^^u)|f + k Z,)(e-^^u,) | e-’^%) 

i=i i,i=i 

+ ((£(Z +A:Z(0)) +£(Z* + fcZ(0)))(e-^^M) le-^'^u) + (| ), 

where / is a smooth function independent of k. Since R^ > 0, from fl5.5D . it is not difficult to 
see that 

(5.6) (□;6(e-'=*e) |e-'=*s)> {ck - 1) \\e-'‘m\ 

where C > 0 is a constant independent of k and u. From fl5.1D . we can check that 

= \Wku\\l + Wdlkm 

Moreover, it is clearly that ||m||^ = ||e“^'^M||. From this observation and (15.6D . the lemma 
follows. □ 
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Ohsawa and Sibony [l2^ established analogues of the Nakano and Akizuki vanishing the¬ 
orems for Levi flat CR manifolds. The following result can be seen as an analogue of the 
spectral gap and Kodaira-Serre vanishing theorem [IT^ Theorems 1.5.5-6]. 


Theorem 5.2. There is a constant Cq > 0 independent ofk such that 

+ \\dl,ku\\l > (Cok - ||m||^, Vm G Domdb,kr]Domdl,, C ^^)- 

Hence, for k large, Ker = {0} and has Lf closed range. 

From Theorem l5.2l we deduce that is injective for large k so we can consider the Green 
operator i)(^, which is the inverse of have 


(5.7) 


aiyi}'= I on Liyx), 
'vf’nS = -fonDomn<‘>. 


Proof We hrst claim that there is a constant Go > 0 independent of k such that 


(5.8) 


\db,ku\\l + \\dlku\\l > (Cok 


Gn 


\u\\l, WuEn^’\X,L^). 


Let X = Ufci where Dj C is an open set with L\£)^ is trivial. Take Xj G [0,1]), 


N 


j = 1,... ,N, with Xj = ^ Let u G L^). From Lemma [STTl we see that for 

j=i 

every j = 1,2,..., iV, we can find a constant G,>0 independent of k and u such that 

1 


(5-9) \\db,k{Xju)\\l + \\dlkiXju)\\l > (Cjk - \\xju\\i- 

It is easy to see that 

Wh,k{Xju)\\l + \\dl^k{Xju)\\l < \\xj\ku\\l + WXj^lx^Wl + Mj \\u\\l 

where Mj > 0 is a constant independent of k and u. From (I5.10D and fl5.9D . we get 

N[ \\db.ku\\l. + Wb,k^\\k, 

1 


(5.10) 


(5.11) 


N ^ 


i=i 

> [ck ||m"^ 


k ’ 


where c > 0 is a constant independent of k. From (15.IIP , the claim (15.8P follows. 

Now, let u G Dom db,k H Dom c)^ From Friedrichs’ Lemma (see Appendix D in Qd!]), we can 
find Uj G L^), j = 1, 2,..., with uj -E uin i){X, L^), db,kUj db,kU in 2 )(^y 

and Ofo fcMj —)■ (9^fcM in Lf{X, L^). From (15.8P . we have 


||^M“L + = lim + \\d*b,kUj\\l 


J^OO 


> c.k- 


Gn 


lim WujWj^ = I Cok - 


q / J^OO 


Cr 


\u\ 


k ■ 
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The theorem follows. 


□ 


We pause and introduce some notations. Let s be a local trivializing section of L on an 
open set D c X, \s\l^ = Let u e L^). On D, we write u = s^u, u e LIq ^(D). For 

every m G No, define 


\u\ 


m^k * 


E 


\d^(ue-'^^)\^ dvx. 


|Q:|<'m,Q€NQ 


By using a partition of unity, we can define ||m||^ ^ for all u e L^) in the standard way. 

We call the Sobolev norm of order m with respect to h^. We will need the following. 

Proposition 5.3 f ll^ Proposition!]). For every m G No there is Nm > 0 such that for every 

k > Nm, 


(5.12) 


db,kU 


< pM{m) 


m.k 




m^k 


, Vu G 


where M{m) > 0 is a constant independent of k and u. 

Theorem 5.4. For every m G N, there is Nm > 0 such that for every k > N„ 


a L‘) ^ L‘) 


and 




where M{m) > 0 is a constant independent ofk and u. 

Proof The theorem essentially follows from Proposition 15.31 and the elliptic regularization 
method introduced by Kohn-Nirenberg ^ p. 102], [ITTl p.449]. Namely, for every e > 0, 
consider the operator ofl := + eT*T, where T is defined in (I2.10D and T* is its formal 


adjoint with respect to 


i;. Fix m G N. From Theorem 15.21 and Proposition [5^ there is a 


Nm > 0 such that for every k > Nm, 


(5.13) 


\u\ 




\u\ 


i,,fc < Vu G V£gNo, i<m, 

where M{m) > 0 is a constant independent of k and u. 

Take g G L^) and put N^^^g = v. We have = g. From (I5.13D . it is easy to see 

that for every k > Nm and every £ > 0, n[^l is injective and has range L^). Now, 

we assume that k > Nm- For every e > 0, we can find Ve G L^) such that O^^lvs = g- 

Moreover, from (I5.13D and the proof of Proposition 15.31 (see also Il25l Proposition!]), it is 
straightforward to see that for every e > 0, 

< ll^llfc, \\db,kVe\\k<\\g\\k, 

llsiki. V«6N„, £< m. 


From (I5.14D . we can find Sj \ 0 such that —)■ v in i)(9f, L^) as j oo, db^kVej —^ db,kV 
in 2 )(^, L’'), d*ij kVej dl fu in H\X, Lf), G No, i < m, and = S' in the sense of 
distributions. Since db,kV G L^), db,k^ ^ L’^)> have v G DomOh^fc n DomO^ ^, 

dljjj G DomOb^fc- Note that d^j^db^kV = 9 — db,kdl^kV G L^g^^(X, L^). From this observation. 
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we can check that db,kV G Thus, v G DomD^^^. Since = g = is 

injective, we conclude that v = v. Thus, = dl,.v G H'^{X,L^) and g\\ra,k < 

pM{m) The theorem follows. □ 

Theorem 5.5. With the notations above, for every m G N, m > 2, there is a Nm > 0 such that 
for every k > Nm, 

(5.15) Hk = I- X^kN^k%k on L^), 

(5.16) Uk : L'^) H^{X, L^) 

and 

(5.17) 

where M (m) > 0 is a constant independent of k and u. 

Proof Fix m G N, m > 2 and let Nm > 0 be as in Theorem 15.5[ We assume that k > Nm- Let 
g G '^°°{X, L^). From Theorem 15.41 we know that dl i^Nl^^db,kg G H^{X, L^). Since m > 2, it 
is clearly that c)^ j^N^^db,kg G Dom Moreover, it is easy to check that 

(5.18) T Kei\k = Ker ufl 

We claim that 

(5.19) (7-a;,iVfa,,fe(?GKerng. 

Let / G L^). We have 

(a - K.t4Xk9 1 nS/)»= (nSs I /)»- ( K.tNXa I n^/ 

= (□!,> I / )t - (Ata I NAmXJ )k 

= (ni°lg\fh- (\a I Af‘‘>n«4t /)t 

= (1 /)»- ( \t9 15i,t/ )t = 0. 

The claim fl5.19D follows. From fl5.18D and (I5.19D . we get (I5.15D . 

From (I5.15D and Theorem 15.41 we get (I5.16D and fl5.17D . □ 

From Theorem 15.51 and Sobolev embedding theorem, we get Theorem I l.li 


6. Asymptotic expansion of the Szego kernel 

In this section, we will prove Theorem 11.21 and Theorem II.31 Let s be a local trivializing 
section of L on an open set H c and let 11^ ,, be the localized operator of 11^ (see (II.4D ). Let 
Sk and Qk be as in Theorem 14.121 From the constructions of Qk and Sk, it is straightforward 
to see thatwe canjind G,,; (D) Sk : H^^^p (D) (D), for every s G Z, 

such that Gk and Sk are properly supported on D, 


(6.1) 

Sk-Sk = 0{k-^) 

■■ HL,„{D) ^ h,UD), Vsez, 

and 

Gk-Gk = 0{k-^) 

: ^ H;X(D), VseZ, 

(6.2) 

xSkX = oik-^ 

VseZ, 
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for every y, y G C^{D) with Supp y f] Supp y = 0, and 

(6.3) + iSfc = / + Rk on D, 
where Rk is properly supported on D and 

(6.4) Rk = 0{k-^) : (D) ^ H^-\D), Vs e Z. 

From (16.3D . it is easy to see that 

(6.5) IffcjS Hk^sRk — Iffc on D. 


Theorem 6.1. With the notations above, for every i e there is a > 0 such that for every 
k > Ne, yHfcy = 0{k-°°) : ^ for every y e y e with 

Supp y f) Supp y = 0^ and 

(6.6) UkAx,y)-Mx,y) = o{k-°°):%°^{D)^^\D). 


Proof Fix f e No- From Theorem l5.5l there is a > 0 such that for every k > Ni, 

Tlk = I- dlkN'i%,k on ^-(X, L"), 

(6.7) Hfc : (X, (X, ), 

II (J - \\d,,kn\\n+i,H^ ’ e <^'-(X,L^), 

where M(£) > 0 is a constant independent of k and u. Now, we assume that k > Ni. By the 
Sobolev embedding theorem we have L^) c “^^(X, L^). 

Fix Xi > 0 and let u G Consider 

(6.8) V Uk^sSk'^ Iffc (fffc glSfelt) (/ If/;) (?7fc .glSfeW) . 


From (16.5D . we have 


(6.9) 


^ Uk,siRk 
V = Uk,s{Sku) 

From fl6.7D and (16.8D . we obtain 


on 

- Hk{Uk,s{I + Rk)u) on X. 


( 6 . 10 ) 


(f — '^k){Uk,sSku) 


n+i,h^ 




db,k(Jdk,sRk^^ 


n+l,h^ 


Note that dg^k^k = 0{k °°) : (D) —)■ for all s G Z. From this observation, 

(I6.10D and the second formula of (16.9D we conclude that 

(6.11) Uk,sSk - UkUk,s - IlkUk,sRk = ^ '*f'(X, L'^). 


From fl6.4D and 06.7D . it is easy to see that 


( 6 . 12 ) nkUk,sRk = 0{k-^) : ^ ^\X, L^). 


From 06.IIP and 06.12D . we conclude that 

(6.13) Uk,s^k - TlkUk,s = 0{k-^) : ^^{D) ^ ^\X, L'^). 

From 06.13D and 06.ID . 06.6D follows. ^ 

Finally, from 06.13D . 06.2D and noting that Sk is properly supported on D, we deduce 
that yllfcy = 0{k~°°) : '^°°(X, L^) — )■ “^^(X, L^), for every y G y G ^°°(X) with 

Supp y n Supp y = 0. □ 
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Proof of Theorem \1.3\ Let Ak be as in Theorem 11.31 It is not difficult to see that for every 
s e Z and iV e there is a n{N, s) > 0 indpendent of k such that 

(6.14) A, = (D) ^ ^(B), 

From (I6.14D . (I6.6D and since Ak ■ f^comp every s E Z, we conclude that 

(6.15) Hk^sAk = SkAk mod 0{k~°°). 

From (I6.15D and Theorem 14.141 Theorem 11.31 follows. □ 


7. Kodaira Embedding theorem for Levi-flat CR manifolds 


In this section, we will prove Theorem 11.41 Let s be a local trivializing section of L on an 
open set D c X. Fix p E D and let x = (xi,..., X 2 n-i), Zj = X 2 j-i + ix 2 j, j = I,. .. ,n — 1, 
be local coordinates of X defined in some small neighbourhood of p such that G4.31D hold. 
We may assume that the local coordinates x defined on D. We write x' = {xi,, X 2 n- 2 )- Let 
M > 1 be a large constant so that 


(7.1) 


-21mdb(f){x) + uuo^x)^^ < -, \/x E D, \u\ < 1. 


Take r e [0,1]) with r = 1 on r = 0 on ] — cx), 0] 1J[1, cx)[ and take y e 

[0,1]) with y = 1 on [-|, |], y = 0 on ] - cx,-1] U[l, cx)[ and y(f) = y(-t), for 
every t eM.. Fix 0 < 5 < 1. Put 

|2 


(7.2) 


as{x,p, k) := 


[p\ujq{x))\ (A\p\ 


X 


M2 


e Sl{fT*D) 


and let Ak ,5 be a properly supported classical semi-classical pseudodifferential operator on D 
with 

jEiri-l 


Ak,s{x,y) = 


Jk{x-y,r]) 


as{x,p,k)d'ri mod 0{k 


(27r)2^-i J 

Fix f e N, f > 2. In view of Theorem 11.31 we see that there is a > 0 such that for every 

k > Ni, Ilk,sAk, 5 {x,y) E x D) and 


(7.3) 

where 


{nk,sAk,s){x,y)= / mod m^\D x D), 


as{x, y, u, k) E%^{DxDx (-M, M)) n ^,{l;DxDx (-M, M)), 


(7.4) as{x, y, u,k) ^ in {f D x D x (-M, M)), 

j=o 

aj^s{x,y,u) E x D x (-M, M)), j = 0,1,2,.... 

From Gl.llD . G7.1D and G7.3D . we get 

(7.5) ao^s{x, X, u) =-7i~^ \det , y{x,x,u) E D x D x {—M, M). 

From now on, we assume that k > N^. Let 

(7.6) 

Uk,s,p := ... x{Vky2n-2)), 
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where wj = y 2 j-i + W 2 j and G C, j = 1,..., n — 1, are as in (I4.31D . Then, is a global 
CR section. On D, we write Uk,s,p = Uk,sUk,s,p, Uk,s,p ^ C^{D). Then, 

\Uk,5,p{^)\hk = \Uk,S,p{x) \ , X e D. 

Put y, u) := tlj{x, y,u)-i - apHj) + uy 2 n-i - f YljZl \wjf ■ From (I7.3D , we 

can check that we have modO{k~°°) in 

Uk,s,p{x) = j y, u, k)x{ky 2 n-i)x{'^yi) ■ ■ ■ x(V^I/ 2 n- 2 ) 

= J p*y^ k)x{y 2 n-i)x{yi) ■ ■ ■ X{y 2 n- 2 )dudy, 

y2n-2 y2n-l' 


(7.7) 


where F*y := { 


x/fc’x/fc’ ^ Vk' k 


. Put 


n—1 


(7.8) 


Uk,s,p := exp(^k'^{ajZj - ajZjfjukXp G ^\D). 


j=i 


Lemma 7.1. With the notations above, there is a ko > 0 such for all k > ko and p E X, 

1 


(7.9) 


Q^Cp ^ (p)I ^ “Zdcp, 

1 dUk^S,p 


—6 c„ < 
32 


— 


k dX2n-l 


(P) 


< 26 Cp, 


1 0uk^5,p 
k dxj 


ip) 


<6\ j = l,2,...,2n-2, 


where Cp = ivr \det R^\ J xiy 2 n-i)x{yi) ■ ■ ■ xiy 2 n- 2 )dy. 

Proof From (17.7D . 07.5D . (I4.33D and note that ^o(0,0, u) = 0, Vu G M, we can check that 




lim \uk,s,pip)\ =-TT '"Ideti? I / T{-)xiy2n-i)xiyi) ■ ■ ■xiy2n-2)dydu, 


k^oo 

lim 

k^OQ 

lim 

k^oo 


1 duk^s^p 
k dX2n-l 

1 duk^s,p 
k dx-j 


(P) 


ip) 


= -TT-" deti?: 


,u 


UTi-)xiy2n-l)xiyi) ■ ■ ■ xiy2n-2)dydu, 


= 0, J = l,2,...,2n-2. 


Since i< f T{^)du < 5 and ^ < / uT{j)du < 6“^, there is fco > 0 such that for every k > k^, 
(17.9D hold. Since X is compact, k^ can be taken to be independent of the point p. □ 

For every j = 1,2,..., n — 1, let 


u 


(7.10) 


k,S,p 


X xiky2n-l)xi'd^yi) ■ ■ ■ Xi^y2n-2) ) ■ 


Then, ui ^p is a global CR section. On D, we write ui^^p = Uk,sui s,p, u{ gp G From 

(17.3D . we can check that 

(7.11) 

^i,s,pi^) = [ F^y,u, k){y 2 j-i + iy 2 j)xiy 2 n-i)xiyi) ■ ■ ■ Xiy 2 n- 2 )dudy, 
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n—1 


modO{k °°) inPut 

(7.12) := exp(^-ej = 1, 2,..., n - 1. 

1=1 

Lemma 7.2. With the notations above, there exists ko > 0 such that for allp e X and k > ko, 

< j = l,2,...,u- 1, 


/ \\ ^ ^ ^^k,s,p ( 

Kap(p)|<^> ztz— -\v) 


(7.13) 


1 

k dz. 


1 dui 


k,S,p 


k dzs 
I dui 


k,5,p 


k dzj 


(P) 


(P) 


{P) 


k dX2n-l 


< <5^, = l, 2 ,...,n- 1 , 


< ^^ j, s = l, 2 ,...,n- 1 , jV s, 


> -5\jdp, j = 1 , 2 ,... ,n - 1 , 


where are the eigenvalues of with respect to (• | ■) and 

|deti?p| j Ivi + mf x{y2n-i)x{yi)---x{y2n-2)dy. 

Proof From (17.IIP . (17.5P . (I4.33P and observing that ^o(0,0, m) = 0 for all u G M, it is straight¬ 
forward to check that for every j, s, f = 1 ,..., n — 1 , s 7 ^ j. 


lim 

k^oo 


k dzi 


'■(P) 


=-TT "|deti?p|Aj / rQj jy2j-i + iy2jj^ x(y2n-i)x(yi) ■ ■ ■ x(y2n-2)dydu, 


lim \u^kSpiP) \ = 


/c—)-oo 


k^oo 


1 dui 


k,S 


k dX2n-l 


(P) 


= lim 

k^oo 


1 dui 


k,5,p 


k dz. 


{P) 


= lim 

k^oo 


1 dui 


k,5 


k dzf 


(P) 


= 0 . 


Since I < f T{^)du < 6 , there is a constant /cq > 0 such that (I7.13P holds for every k > ko. 
Since X is compact, ko can be taken to be independent of the point p. The lemma follows. □ 

Consider the map 

(7.14) <^k, 5 ,p :D^C\ x^ ^^{x),^^{x)) G CT 

.,p ^k,S^,p '^k,S^,p ^ 

The following Lemma is a consequence of (I7.13D . (17.9D together with a straightforward 
computation and therefore we omit the details. 


Lemma 7.3. With the notations above, there are ko > 0 and 0 < (5o < 1 such that for all k > ko, 
0 < 6 < 60 and p ^ X, the differential of ^k,s,p is injective at p. 

Let dist (•, •) denote the Riemannian distance on X and for x E X and r > 0, put B{x, r) := 
{y E X] dist {x,y) < r}. From now on, we hx k > ko and 0 < 5 < (5o, where ko > 0 and 
0 < 5o < 1 ^re as in Lemma 17.3[ Since X is compact there exists > 0 such that for every 
xo G X, Uk,s^,xo{x) 7 ^ 0 for every x G B{xo, 2rk) and the maps 4)^ , 5 ^ 3 .^ and d^k,s,xo ^re injective 
on B{xo, 2rfc). We can find xi, 0 : 2 ,..., EX such that 

(7.15) X = B{xi,rk) U B{x2,rk) U • ■ ■ U B{xd^,rk). 
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For every j = 1,2,, dk, let Uk, 5 ^xj,Uk,s,xj,ul s ^^.,..., ^ L^) be as in dZH) and 

G7.10D . Consider the map: 


(7.16) 


: X ^ CT(n+l)4-l^ 


X 


Yl _ ^ Yi _ 

52 , 3 : 1 ) '^k,5,xi ) '^k,5,xi : • • • : ^k,S,xi : • • • : '^k,5^,Xdf ,) '^k,S,xa ^.: '^fc,5,Xd : • • • : '^k,S,Xd, 


(x). 


Let q e X. Then, q G B{xj,rk) for some j = 1,2,..., From the discussion before (I7.15D . 
we see that Uk^s^^x id) 7 ^ 0. Thus, <1)^,5 is well-defined as a map. 


Theorem 7.4. With the notations above, the differential of ^k,s is injective at every x e X and 
for every xq, yo e X with dist (xq, yo) < we have ^k,s(xo) f- ^kffyo)- 


Proof Let q e X. Assume that q G B{xi,rk). Then, 7 ^ 0. On B{xi,rk), consider the 

map: 


(7.17) 


: 5(xi,rfc) ^ 





'^fc,5,xi 
^k^S^ ^xi 


..n-l 

^k^6,x\ 


^ Yi _ f 

'^k,S'^,Xdf, Uk^5,Xd^, '^k,&,Xd^ '^k,5,Xd^ ^ ^^ 

5 5 5 • • • ? ) 

'^A:,52 ,X\ Uk,S^ ,Xl Uk,5^ ,Xl Uk,S^ ,Xl ’ 


From the discussion before fl7.15D . we see that d^k,s,xi is injective on B{xi, 2rk). Thus, d'^ is 
injective at q and hence d^k,& is injective at q. 

Let xo,|/o e X with dist (xo,|/o) < y;- We may assume that xq G B{xi,rk). Thus, xo,yo G 
B{xi,2rk). From the discussion before fl7.15D . we see that <l>fc, 5 ,xi is injective on i?(xi,2rfc). 
Hence, 


(7.18) *l*fc,5,xi ( 2 : 0 ) 7 ^ ^k,S,xi{yo) ■ 

From the definition of $^, 5 , 3:1 (see (I7.14D ). we see that fl7.18D implies that <l)fc^ 5 (xo) 7 ^ 5 (yo)- 

The lemma follows. □ 


Let s be a local trivializing section of L on an open set H c X. As before, we fix p G H and 
let X = (xi,..., X 2 n-i), Zj = X 2 j-i + ix 2 j, j = 1,..., n — 1, be local coordinates of X defined 
in some small neighbourhood of p such that fl4.31D hold. We may assume that the local coor¬ 
dinates X defined on D. Take m > X^ be a large constant and let Um,s,p be as in (I7.6D . On D, 


we write u. 


m, 5 ,p 


= UkM 


k,s ^m,S,p9 


Ur 


We need the following. 


',,S,p ^ ' Put Dpjfi . ■^X ( 2 : 1 , . . . )X 2 n—l)j 


X < 


1 


m log m 


Lemma 7.5. With the notations above, there exists mo > 0 such that rkml/^ > 4 and for all 
m > mo and p G X, 

(7.19) inf |'Um, 5 ,p(^) I/jm ) ^ ^ 


where Cp = \'K |det R^\ f x{y2n-i)x{yi) ■ ■ ■ x{y2n-2)dy, and for every g G X with dist (g, x) > 
for all X G Dp^rn, u’e have 

(7.20) |Mm, 5 ,p(g)| jpnn. ^ 2 iuf "{ |^m.,5,p(:r) , X G Bp^m^ : 

where Vk > 0 is as in Theorem \7.4\ 
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Proof. Let m > Nihe large enough so that 
(7.21) > 4. 


As in fl7.7D . we have mod 0(m °°) in ^^{D) 


(7.22) 




m,5,p 


X = 


”a5(x, F^y, U, m)x{y2n-l)x{yi) ■ ■ ■ x{y 2 n- 2 )dudy. 


From (I7.22D . we can repeat the proof of the first formula of (17.9D with minor changes and 
get (I7.19D . We only need to prove (I7.20D . Let q E X with dist (g, x) > for all x G If 
q ^ D, from (i) in Theorem ll.2l we can check that \ujn,s,p{q)\i^m = 

We may thus assume that q E D. For simplicity, we may suppose that dist(a:i,X 2 ) = 
l^i — X 2 \ on D. We write q = (gi,... ,g 2 n-i)- Since dist (g, x) > for all x E Dp^rn, from 
(| 7.21 |), we have |g| > for m large. Thus, \q'\ > or |g 2 „_i| > where 

g' = (gi, • • •, q 2 n- 2 )- If \q'\ > 8mi/3\ogm ’ fact that 

mlm'iljo{q,Fmy^u) ^ Wy E Supp x{y 2 n-i)x{yi) ■ ■ ■ x{y 2 n- 2 ), 


where c > 0 is a constant independent of m, we conclude that 
(7.23) \hr ^ 


y,piq) \ = 0{m °°), if |g'| > 


log m 


If |g 2 n-i| > and |g'| < 


8m^/^ log m 


, from (I4.33D . we can integrate by parts with respect to 


u several times and conclude that 


(7.24) 


\UmXp{q) \ = 0{m °°) , if |g 2 n-l| > 


log m 


and |g'| < 


log m 


From (I7.23D and (I7.24D . (I7.20D follows. 


□ 


Now, we fix m > + mo, where mo is as Lemma 17.51 From Lemma 17.51 we see that we 

can find xi E X,X 2 E X,..., Xd^ E X such that X = (Jj=i Uxj,m, where for each j, Uxj,m is an 
open neighbourhood of Xj with Sup {dist (gi, g 2 ); gi, g 2 G < X’ F 

find a global CR section Um,s,xj such that 

(7.25) inf IrtmjiSjXj(^) I i x E ^ 0, 

and for every q E X with dist (g, x) > for all x E we have 

(7.26) |um,( 5 ,xj (g) l^m — 2 |/,m ) ^ ^ Uxj^m'\ ) 

where > 0 is as in Theorem 17.41 Consider the map: 

(7.27) '^m,S ■ X -E X I-)■ [Um,S,xi,Um,S,X 2 , ■ ■ ■ , Um,5,xajix) ■ 

Let q E X. Then, g G Uxj,m for some j = 1,2,... ,dm- In view of (I7.25D . we see that 
Um,s,xj{q) f 0. Thus, '^ni ,5 is Well-defined as a smooth map. 

Theorem 7.6. The map {^k,6, 4^m,<5) : X -E x is a CR embedding, where 

$k,s is given by (I7.16D 
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Proof. In view of Theorem 17.41 we only need to show that is injective. Let 

^ X, qi f q 2 . Assume first that dist(q'i,g 2 ) < From Theorem 17.41 we know that 
®fc, 5 (gi) ^ $fc, 5 (g 2 ) and hence (4>fc, 5 (^ 1 ), 5 (^ 1 )) ^ 4'm,5(g2))- We assume that 

dist (gi,g 2 ) > X- (I7.26D . it is straightforward to check that 7 ^ '^m,s{(l 2 ) and 

thus (<Ffc, 5 (gi), 4'm,5(gi)) ^ (4>fc,5(g2), 4'm,5(g2))- The theorem follows. □ 

Proof of Theorem \1.4\ With the notations above, consider the Segre embedding: 

T ■ X (pypi^+P'ikdm-l 

([zi, . . . , ^(n+l)dj, [wu • • • , WdJ) [ziWi, Z 1 W 2 , . . . , ZiWd^, Z 2 W 1 , Z^n+l)di,WdJ. 

It is easy to see that T is a smooth holomorphic embedding. From this observation and 
Theorem l7.6[ we conclude that 

is a CR embedding. We have proved that for every M > k + + mo, we can find CR 

sections sq G L^), si e L ^),..., ^ ^^{X, L^), such that the map x e X 

[so(x), si(a:),..., Sd^ix)] G is an embedding. Theorem ll. 41 follows. □ 

Let us finally mention that a projective CR manifold admits Lefschetz pencil structures of 
degree k, for any k large enough, cf. [IMlI . 

Acknowledgements. We are grateful to Masanori Adachi and Xiaoshan Li for several useful 
conversations. 
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